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EXTREMAL SETS OF p-TH SECTIONAL CURVATURE

ANN STEHNEY

The object of this paper is to study the pointwise behavior of the p-th order
sectional curvature function ¢ of a Riemannian manifold M. At me M,c is a
real-valued function on the compact Grassmann manifold ¢ of p-planes in
the tangent space M,, of M at m. We shall describe the subsets of ¢ on which
¢ assumes its maximum and minimum.

We shall work in the setting of an arbitrary inner product space V' and
arbitrary integer p (2 < p < dim V). A p-th curvature operator is a self-
adjoint linear transformation R: A? — AP, where A? = AP(V) has the inner
product induced by that of V. (For example, if ¥V = M, and p is even, the
Riemannian p-th curvature operator R, as defined by Thorpe [4].) The
Grassmann manifold ¢ of oriented p-planes in V is viewed as a subset of the
unit sphere in A2,

For R in the vector space # of p-th curvature operators, we consider its
sectional curvature ¢z: ¢ — R given by

x(P) = R(P), P> Ze9).
With respect to the inner product
T, Up=tuToU T, UeR) ,

Z decomposes orthogonally into & @ #, where & is the spaﬂ of the Gras-
smann quadratic p-relations which define & :

@ = {aeA?||a] =1 and (S(@),oy = O for all Se &},

and & is the subspace of operators satisfying generalized Bianchi identities
(for p =2, the usual first Bianchi identity for a Riemannian curvature
operator). The first section of this paper is devoted to this decomposition of
Z. We show that R ¢ & and ¢z = 0 imply R = 0. It follows that % is the
set of curvature operators whose sectional curvature is identically zero.

In § 2 we find a basis for .. This gives a reduction of the Grassmann
quadratic p-relations to a minimal set of conditions. We believe that this
result in exterior algebra is new and so we state it here (cf. Lemma 1.1).
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Theorem A. Let {x,, - --,x,} be any basis for V. The p-vector

o = Z ail-uipxil VAN RVAN Xi,
7:1<"‘<iy

is decomposable if and only if its Pliicker coordinates @;,...q, SALSTY
P+1
El (— 1)kail...fk...ip_,_laikjl...jp_l =0
for all 1<i < o <ipoy<jpoypy 1<iH<ove <jpy,<n such that
{]1’ =t :jp—l} ¢ {iu c s ip+1}‘

Our main theorem asserts that for any curvature operator R, the set of
p-planes in ¥ on which ¢, assumes its maximum or minimum is the intersec-
tion of ¢ with alinear subspace of A”. In particular, we prove

Theorem B. [f Rc & and g5 > 0, then there exists S € & such that

{g’e?|a,¢(ﬁ)=0}=?ﬂKer(R—S).

The case of an arbitrary minimum or maximum is an easy consequence of
this special case.

To prove the main theorem, we shall prove that if & is a critical point of
or, and ogx(#) vanishes, then there exists S, € &, in fact unique modulo
elements of & which annihilate £, for which & ¢ Ker (R — S,). Since AP is
finite dimensional, we may piece together these unique S,’s into an S which
has the desired property.

The theorem is a generalization of Thorpe’s result [5] for p = 2. We have
omitted proofs of several steps where the obvious generalization of Thorpe’s
proof is valid. The main difficulty in the proof for p > 2 is in finding an S
which “works” simultaneously for two arbitrary planes & and Q on which op
vanishes. Such an S must have the correct orthogonal projections, namely S,
and S,, onto the orthogonal complements of the annihilators of # and Q, and
so S exists if and only if S, and S, have the same projections onto the inter-
section of these orthogonal complements. We use our basis for & to find this
intersection explicitly. If (#Z + Q)/||# + Q| is not in ¢, this intersection has
dimension 1 and we find a basis for it. If (# + Q)/I|# + Qll is in ¢, then &
and Q determine a circle in ¢ of planes on which o, vanishes. The fact that
zero is an extreme value of ¢, is used only in this case and only to show that
each plane in the circle is a critical point of ¢r. An example shows that the
hypothesis of the theorem cannot be weakened to include the case of a non-
extreme critical value of op.

Although the theorem holds in a general setting, our main interest is the
p-th curvature operator arising on a tangent space M,, of a Riemannian mani-
fold. Specifically, let R denote the Riemannian curvature tensor at m in M,
and let R(x,, x,, X;, x,) denote the real number <f!(x1,x2)x3, x> for x;e M,,.
For even p, the Riemannian p-th curvature operator R, is defined in [4] by
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Ry A\ <o v ANtg), oy A o A0y

1 ,
= ZP/ZP! a,éSrE(a)E(ﬁ)R(uav Uar Vs> Uﬁz) . .R(u"p-l’ Uaps Vpprs ’vﬁ) ’

where u;, v, € M,,, S, is the permutation group on (1, - - -, p), and e(a) is the
sign of a e S,. If n(=dim M) is even, the sectional curvature of R, is the
Lipschitz-Killing curvature of M at m and therefore (the value at m of) the
Euler integrand according to the generalized Gauss-Bonnet theorem. This
suggests that more geometric information about how the curvature tensor
depends on sectional curvature might help to resolve the conjecture that a
Riemannian manifold with positive sectional curvature (p = 2) has a positive
Euler characteristic. Thorpe [6] has characterized the curvature tensors of
positive sectional curvature for #n < 4. If the generalization of his result proved
valid, it would provide a geometric explanation for the phenomenon of our
Theorem B.

This paper includes the main results of the author’s doctoral dissertation
at the State University of New York at Stony Brook. I take great pleasure in
thanking Professor John A. Thorpe for his guidance and encouragement as
both my teacher and my advisor.

1. Decomposition of the space of curvature operators

Let ¥V be an n-dimensional real inner product space. For p an integer,
1 < p<n, let A2(V) or simply AP denote the space of p-vectors of V. We
recall several facts about A®. A p-vector « is called decomposable if it can be
written in the form u, A --- A u, with ;e V. Any basis E = {e,, - - -, 2,}
for V induces a basis {e;, A -+ A e liy < ... <1i,} for 4? consisting of
decomposable p-vectors. It follows that dim 47 = C,, ,. An arbitrary p-vector
is of the form

o = Z az’;p--i,,ei; A e A eip )

where the summation extends over all 1 <7, < ... <i, < n. The coefficients
@;,...;,» SKEW symmetric in their indices, are called the Pliicker coordinates of
« with respect to the basis £. We define an inner product for 4? on decom-
posable p-vectors by

{ug N\ <+« N g, 0, N\ - -+ N vpy = det[{us, v))]

where u;, v, € V. It is easily seen that the basis for A? induced as above by
an orthonormal basis for ¥ is itself orthonormal.

We may identity the Grassmann manifold ¢ of oriented p-dimensional sub-
spaces of ¥ with the submanifold of A7 consisting of decomposable p-vectors
of length one by
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Pesu, A - Ny,

where {u,, - - -, u,} is an oriented orthonormal basis for #. Elements of ¢ will
be called p-planes.
- "We will say that « € .4? contains x € V' as a wedge factor if @ = x /A » for
some 5 € AP~Y(V).

‘Let #?, or simply £ if p is fixed, denote the vector space of all self-adjoint
linear transformations on A?, with inner product <7, U> = tr T o U. Elements
of & will be called p-th curvature operators on V. We associate to each R ¢ #
its p-th sectional curvature function ¢ : ¥ — R defined by 6x(?) = (R(£), &>
forZe%.

Note. The Pliicker coordinates of « € 47 will be denoted as above by sub-
scripted ’s. A caret A\ above a symbol indicates that that term or index is to
be omitted.

Let a (not necessarily orthonormal) basis {e;, - - -, e,} be chosen for ¥. The
following result is well known. For a proof, see Hodge and Pedce {1, pp. 309 ff].

Lemma 1.1. (The Grassmann quadratic p-relations). The p-vector « Is
decomposable if and only if its Pliicker coordinates satisfy

D+l
( 1 ) :L___.‘l (—l)kaﬁ...;,,...ip“a,-,‘j,.,.jp_l =0

foralll < iy jn. < n. : : :
For ordered sets I = (i}, ++ «,ip,y) andd = (fy, =« +,Jpur)s 1 <y, jm < 11, We
define the quadratic form S¥; on AP by

p+1 .
(2) S?J(a) = kE_l(——1)p+k+lai1"'fk';'ip+1a‘ikj1"'jp—1 .

Clearly « ¢ A7 is decomposable if and only if S7;(e) = O for all such 7 and J.
Each §%; will be called a (Grassmann quadratic) p-relation. To avoid ambiguity,
it may be necessary to write S¥...;__,;...;,-, fOr S¥;.

Let &* denote the subspace generated by the p-relations in the vector space
of quadratic forms on A4”. Since any S$* ¢ * is a linear combination of those
given by (2), S*(a) = O for all decomposable «. Lemma 1.5 will show that
this property characterizes &*, that is, $* is in * if and only if $*(a) = 0
for all decomposable . Lemma 1.4 and the remark precedmo it will show
that the set &#* is independent of the choice of basis.

The set of p-relations {S¥;}, which by definition spans 9?*, is far from
linearly independent. In fact, routine computation shows that 7, is alternating
in the sets I and J. That is, if ¢ and 7 are permutations of p 4+ 1 and p — 1
elements respectively, then

Sinyen = (0)e(2)SF;
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where ¢ denotes the sign of the permutation. The sets 7 and J need not be
disjoint. It will be shown in § 2 that they may have as many as p — 2 elements
in common without S¥, vanishing. If, however, J C I, then S}, is identically
zero on A*. To span &*, it therefore suffices to consider only pairs of index-
ing sets I and J such that i, < «-- <y, ; <:+r <Jpy, and {jy, -+ <, fpii}
Z{iss -« -5 ip,.})- Such a pair of (p 4 1)- and (p — 1)-tuples will be said to
be standard. A slightly smaller class of sets J and J will index a basis for &*
(§2).

Recall that the space of quadratic forms on A? is naturally isomorphic to
the space of homomorphisms R: A7 — (4?)* such that (R&)p = (Ryp)é. An
isomorphism @ is given by

(3) [(@R*)ly = R*(¢ + 7) — R* — R%y

for R* a quadratic form on A? and &,7¢ A?. Let & be the image of ¥*
under ¢. We shall denote @(S*) by S. Elements of % will also be called p-
relations. To avoid confusion, we may write &(A4?(V)) for the p-relations on
the vector space V.

Since (Sa)a = 25*(x), we have

Corollary 1.2, « ¢ A? is decomposable if and only if (So)a = 0 for all
Se.

Let {e;, - - -, e,} be a basis for ¥, and {e', - .., e} the corresponding dual
basis for V*. Since A2(V)* = A?(V*),

(Br=ea N oo Nebo |l <k < - vv <k, < 1)

is a basis for 47", Computation shows that the action of S;; on basis p-vectors
{Ex=eu, N o Neg |1 <k <+ <k, <n}is

Sriles, Neo - Né, N Ney,, )= (=12 Nelt Ao A el
(4) Sple, Nejy N Ney, )= (—1P"ter Ao N ETNA- N elrt
S, s(other basis vectors) = 0 .

We remark that S;; is zero on any basis p-vector whose wedge factors are not
chosen from the e;’s and e,’s. Furthermore, if ke N J, then S;; is zero on
any basis p-vector not containing e, as a wedge factor, and S;,(e; N 7) =
e* N\ 7* for some 7* € A*~*". Therefore, if S;; has  repeating indices i, - - -, i,
then [S;s(e,, A--- A e )les,, A--+ /A ey, is nonzero only if {ay, ---,p} N
{Bi» -+ 1 Bp} = {ir» - - -, in}. Such an §;, is linearly independent of the span of
the p-relations whose repetitions number other than 4. Let &, denote the span
of the p-relations with % repeating indices.

Let {E;} be an ordered bases for A? of decomposables of the form
e, N--- N e, with i <...<i, For Se¢&, we consider the symmetric
matrix
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[s:; = (SE)E,], 1<ij<dimdA?.

It is easily shown that nonzero entries for Se¢ &, and §' ¢ &,. (W' % h) can
not appear in the same position in the matrix. We therefore have

Lemma 1.3. & is the direct sum of the subspaces ;.

When an inner product is defined for &, it will be evident that the subspaces
are orthogonal. It would be interesting to know if this decomposition is inde-
pendent of the choice of basis, but we shall not need this information.

Using the inner product on A?(V), we now identify the space of homo-
morphisms R from A? to A?* for which (R{)y = (Ryp)§ with the space Z of
self-adjoint linear transformations on A? by <R(£), 7> = (R£)y. The space of
p-relations will now be considered a subspace of Z%. Equations (4) hold with
the indices of the right hand side lowered.

Let &, the space of Bianchi transformations, be the orthogonal complement
in Z of &. For any S € &, the condition (R, §> = 0 will be called a Bianchi
identity for R. The Bianchi identities have appeared previously in [4] but
were remarked to be equivalent to the condition Alt R = 0. R ¢ # implies
Alt R = 0 but the converse is false [3].

For p =2, & is spanned by {S,;,:|1 <i<j<k<l<n}, and “Re B”
is the usual first Bianchi identity for R by Lemma 1.4. The proof of this
lemma uses only the fact that & is the span of the S;; defined by (2) and (3).
The lemma gives a condition that R € Z be orthogonal to & without reference
to a basis, and so we indeed have that & is independent of the choice of basis.

Lemma 1.4. R e 2 satisfies the Bianchi identities (R € &) if and only if

+1 -
(5) pz(_l)‘<R(w1/\"'/\w;/\"'/\wp+1),w2/\wp+2/\"'/\w2p>=O
i=1

forall wy, ---,wy,eV.

Note. (5) is often used to define the Bianchi identities, for instance in [2]
and [4]. We shall prove this lemma to emphasize the role of the p-relations
in this definition.

Proof. Let an orthohormal basis ¢, - - -, e, be chosen for V, and let I, J
be a standard pair. Then, using (4),

(R,S1;) =ttRoSy = X {RoS1(E), Ex) = ; {R(E), S1i(E)
= ’g[az(eﬁ/\ C ABA e Newy o) Sren A o NEg A o New, DD
+(Re; A NegN - Nej, ), Spale Ne-- Neg/N\ -+ Nej,_ D]
= ngR(eh/\... NELN - /\e_ipﬂ), (—1)1’*“‘en/\eh/\ /\ejp_l>
QR Aen A Aey, Dy (=D A A - A D
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+1
= 2(—1)r* ”Z (— DR A+ NELA - Ney, ),
2=1
e Nep /N Nej >

Now R is in # if and only if <R, S;,> = 0 for all p-relations indexed by

standard pairs 7, J, if and only if for all sets {e;, ---,€;,,,,€;, -+ -, €;,_,} of
basis vectors for V,
P+1
Z (—1)1<R(eu ARREWA éil AR AN eip-n)’ eiz AN ejx VARRRFAN ejp—l> = 0 .
a=1

This is equivalent to (5) by the linearity of R and {, >. q.e.d.

For R ¢ # we consider its sectional curvature ¢z.

Lemmal.5. /fRe# andor =0, then R =0.

Remark. This lemma is a generalization of the well known fact that in the
presence of the Bianchi identity, sectional curvature determines the curvature
operator. For a proof in this case, see [2] or [3].

The following corollary shows that vanishing sectional curvature character-
izes &.

Corollary 1.6. A curvature operator R is a p-relation (R ¢ &) if and only
ifop = 0.

Proof. 1t is clear from Corollary 1.2 that the sectional curvature of every
operator in &% is identically zero. Conversely, let R = R, 4+ Swhere R, ¢ #
and Se%. Then o5 =06p — 05 =0 and so R, =0 by Lemma 1.5, and
therefore R € &.

Remark. Notice that the identity map I, which has sectional curvature 1,
lies in the subspace #, for if {E;} is an orthonormal basis for 4* of decom-
posable p-vectors,

S, 1> = <SS HED,E) = 2 as(E) =0

for all S e.%. Therefore if R satisfies Bianchi, so does R + il for all real
numbers A.

2. A basis for the p-relations

For the computations in § 3 we shall need to know a basis for &, and so
we give a proof of
Theorem 2.1. The set of p-relations

{S1711,7 is a standard pair and i,,, < j,_,}

is a basis for &.
For this discussion, we view % as a subset of Hom (47, A7"). By a series
of lemmas, we shall find a basis for %, in the case » = 2p, and use this to
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find a basis for &, in general. We shall then show how each p-relation with 4
repeated indices corresponds to a (p — k)-relation with distinci indices and
the theorem will follow. The decomposition of . as the direct sum of the &,
is crucial.

fJ =G, i) withj <...<j,, <2p, let «(J) denote the sign of
the permutation

(Lo 2D) = (L, oo Fy ooy Tpits oo s 200 fir =+ 5 dpet) -
Let SV denote the p-relation e(J)S,... ... 5,123 1eenips *
Lemma 2.2. If n = 2p, then &, is spanned by
II={8j <+ <jp1=2p}.

Remark. We include the factor e(J) so that if S ¢ IT and E is a basis vector
for A7, then S(E)xE = 0 or + 1, where * denotes the Hodge star operator.

Proof of Lemma 2.2. It has been shown that %, is spanned by the set of
S;s such that I, J is a standard pair and /U J = {1, - - -, 2p}, since the 2p
indices of S are distinct and all <n = 2p. Each such § is determined by the
set J of its last p — 1 indices, and so &, is spanned by the C,, ,_, relations in
the set

0= {81 < <Jpy <20} -

We shall show that we can span %, by requiring that j,_, = 2p.

As above, let IT < IT be the p-relation 7 for which jp-1=2p. Any S which
is in I but not in I7 is of the form +S For such an S and for
A=01,---,p—2, let

vieroup(2p)rerveepp—1®

IS) = {S7 e HBU N gy -+ prp) = 2} -

Then we claim that

r»-2
(6 ) S = Z Z clT ’
=0 TenUS)
where ¢, = 1 and ¢; = —(——_—i*—->cl_1 for 2 > 1. This will estab-
p—1 p—2i—1

lish the fact that I7 spans &,.
Let «: A? — AP denote the Hodge star operator defined by

<*a’18>el/\ez/\"'/\e2p=a/\13

for a, B e A7. Up to sign, * takes basis elements to basis elements.
We write the basis elements for /17 in the following order: first we list the
basis elements e, N --- A e, /\ e, containing e,, as a wedge factor, in
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numerical order of k;---k,_;. Next we list x(e,, N\ --- A €, N\ &), also
in numerical order of k- - - k,_,. Let E; stand for the i-th basis vector in this
ordering. We have listed all of the basis vectors for 47 since E; contains e,,
as a wedge factor if and only if *E; does not.

With this ordering of the basis vectors, we consider the matrix S(E,)E;.
Letting 6,(S) = S(E)*E;, any S ¢ II and therefore any S ¢ &, has matrix.

r . ‘ 5 0 0.-:0 )
o T
0. . . . .5
5() 0 0...0
0 548 0---0 0
0 -« - « 5,8 B

e

and § is determined by the y = $C,, ,-tuple (6,(S), - - -, 5,(S)). Notice that the
signs for the p-relations in I7 were chosen so that §,(S) = Oor +1 for Se 77.
We shall prove (6) by showing that for each i, the coordinates &, of both
sides are equal.
If i < 7, let K* denote the set {k;, ---,%,_,} for which E; = e, A--- A
ex,_, /\ &y. The only T e JI for which 5,(T) s O are the p — 1 relations

{S,g = Sh"'fﬁ'"kp-ﬂp c H} .

We shall find the coordinate §;(S,....,,ep)u--up-,)» depending on the number of
elements in {¢, -- -, g,_;} N K.

Case 0: {my, -+, o} NK* = @. Let y denote both the ordered set
(s kyy -+ kp 152D, 115 + - -, ptp-,) and the permutation of (1,2, - - -, 2p) given
by the ordered set. Any S ¢ Il — IT which falls into case 0 is of the form
e(7)S, for some 7 (i.e., for some »), and

5:8) = IS, EN*E; = e(DSose.tporcampeeepp_r (EDI* E;
= (= 1D)2e(p)Skm ety siapyopreeenpr EDI* Ey = (= DP[e(DF = 1

by (4) since [S(E;)]1+E; = [S(+E))]E,.

Now §,(T) = 0 for all T ¢ /7S) whenever £ > O (in case 0, the last p — 1
indices of S have no indices in common with the wedge factor of E;), and so
J; on the left hand side of (6) reduces to

Z Coa‘l(T) = Z Cy = 1= 5.‘(5) .
TEn%S) T € 19(S)

Case mO<m<p—D:{wm, -,y }NK =ik, -, k,.}. We again
group common indices (here k,,, - - -, k) together at the beginning of the last
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p—1slotsof S.Lety = (s« vmais Kis =+ o> Koy <=5 ey =<+ kpsy 2D, Koy
ces Kty s Koy s Koy oo 1tpy), and let S = &(1)S,. By (4), S(E,) =
S(ep, A\ -+ N\ ey, , N\ &) = 0 and so §,(S) = 0.

Of the p — 1 relations S¢ for which §,(S?) = 1, the m relations S$** are in
II™(S) and the other p — m — 1 relations $°(8 # ¢,) are in 7™(S). Thus §;
of the left hand side of (6) is

% 5 D) = oy 3045 + cn T 457

i=m~-1 TE&II4(S) 8+%n

=mCp_, + @ —m—1)c, =0=35(5) .

Case p—1:{y,-- s lpoi} = {kys - s kpoi} Letting 7 = {v;, - - -pp,2p,
ki, ---,k,_1), we have S = &(y)S, and

51_(S) = [S(E‘L)]*E‘L = e(T)[Su--~?p(2p)k1---kp_1(Ei)]*E‘i
= (=D?e(PF = (=17

by (4). ‘
All §* such-that §,(S%) = 1 are in [/727%(S), and o; of the left hand side of
(6) is

€p-20{T) = (P — Dy, = (=122 = §,(S) .
Pel?—2(8) .
This finishes the proof of Lemma 2.2. q.e.d.
If the members of /7 are linearly dependent, there must exist real numbers
Qj,...5,-,» DO all zero, so that
(7) Z a Siredp-r = Q

X i J12eejp~2
J1<e+<jp=2

IfE;or +E; is ex, N\ - -+ /N ex,_, /\ ey, taking §; of both sides of (7) gives

p-1

(8) Z Agyeridgeakipey = 0.
i=1

Since S ¢ &, is determined by {0.(5)}, (?) is equivalent to (8) for all sets
ki, -++,ky_y such that 1 < k, < ... <k,, <2p. The next lemma, due to
C. H. Sah, shows that the system (&) of homogeneous equations has no non-
trivial solutions.

Lemma 2.3. Let I be a finite set with g elements, and let r > 1 be an
integer such that g > 2r — 1. For each (r — 1)-element subset J of 1, let a;
be in a field of characteristic zero. If, for each r-element subset K of I,
Nsex@; =0, then all a;, = 0.

Proof. By induction. When r = 1, there is only one a4 and at least one
equation a; = 0.
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We assume that the lemma is valid for r. Let I”” be a finite subset with
g > 2r + 1 elements. Let I’ be any subset of I” with 2r + 1 elements. Set

P =1U{xr} where ] ={0, 1, ---, +(r — 1)}. The subsystems (for K C I,
#K) =)

2. Qyuny = —ag and 3 4y, = —ag

Jck : Jjck

have at most one solution (by the induction hypothesis) depending only on the
ax’s. Thus a;(,, = a;,,_,, i.€., for any two subsets L and L’ of 1"’ with (L)
=#(L) =rand #(L N L) =r — 1, we have a; = a;.. Since any two r-cle-
ment subsets of I’ can be connected by a sequence of subsets such that con-
secutive pairs have r — 1 elements in common, a; = constant. Since the coef-
ficients of the system are + 1 (i.e., nonnegative), any one of the equations
now implies that all a; are zero.

Corollary 2.4. Ifn = 2p, the set II of p-relations is a basis for &,.

Proof. HKCI={1,---,2p} hasr = p — 1 elements, (8) becomes

2 a;=0,
JCK
#(J)=r-1

Taking ¢ = 2p, Lemma 2.3 implies that a; = 0 for all J C I such that £(J) =
p — 2. Therefore (7) implies ay,...;,_, =0 forall j, <. .. <j,_,, i.e., {S/iz-2}
is independent. g.e.d.

The independence of this set of p-relations implies the independence of each
of the spanning sets which will be found in Lemmas 2.5, 2.6 and 2.7, and
therefore in Theorem 2.1.

If U c V, £U will denote the linear span of the set U.

Lemma 2.5. The set

I, = {S;,;|1,7 is a standard pair such that I NJ = @ and i,,, < Jp-i}

is a basis for &,.

Proof. If n<2p, then &, = {0} and so we are left with the case n > 2p.

For each subspace W spanned by 2p basis vectors {e;,, - - +,€;,, | 4,< - - <ip},
the relations

{S"J,-..ijp-z = Ss,...;il...;jp_z...izp_,i,l...i,p_21‘”}
form a basis for S(4?(W)) by Lemma 2.2. ‘

For Se .S’.,(AP(W)), [SCej, A\ -+ N\ ej)leg, N\ -+ N\ e, is nonzero only if
{i> - = *sdpo ks + -+ kp} = {i1, -+ -, i), and so each of the basis relations for
SLUAP(W)) 1s 1ndependent of the collection of spanning relations for all
Fo(AP(W')) where W = ZLle,, - -+, e,,} = W. Since every S;; € S(47(V))
is in F(4?(W)) for W = Ple,, -+, ¢€;,,,:€5, > €;,_,}, we conclude that
&, is the direct sum 3 @ &, (A7(W)) as W ranges over subspaces spanned by
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2p basis vectors for ¥, and that /7, is a basis for &,. The dimension of &, is

Cn,zpczp-l,p-z'
Lemma 2.5. The set

Hl = {Ski1--~ipj1-~~jp_:kli1 <A <Z ip < jp-z: jl << jp_27
ki{in ":,ip’ju "'9jp-2}9{i1, "'9ip}n {jp "‘,jp_z} = g}

is a basis for &,, the span of the p-relations with one repeated index.

Proof. &, is the direct sum of the subspaces ¥, the span of the p-rela-
tions whose repeated index is k. For if S € &%, [S(e;, A\ -+~ Aej)len, A+ - Aey,
is nonzero only if {j, ---,j,} N {ky - -+, k,} = {k} by (4). Similarly, &¥ is
further the direct sum of %%, the span of the p-relations whose non-repeating
indices are I = {i, - - -, {;p_s}-

We now find a basis for %7, Let W’ be the (2p — 2)-dimensional subspace
of ¥ spanned by {e;|i e I}. Let § = Sy, uperpp_os € ¥57. Then the »’s and
¢’s are chosen from I. When E is in the chosen basis for 47(V), S(E) = 0 if
E does not contain ¢, as a wedge factor, or if £ = ¢, A\ E’ but £ ¢ A72~Y(W7).
Let § = .SA‘,,I,,,,W...M% be the obviousﬁ(p — 1)-relation on WZ. If E = e, A\ E’
where E’ ¢ AP~'(W?), then S(E) = S(E’) A e, by (4). For fixed %, the cor-
respondence S € FEH(A?(V)) — S e P (A2~(WT) is clearly an isomorphism.
Therefore the C,,_;, ,_; basis relations for & (4?~'(W7)) give rise to an equal
number of basis relations for %7, namely {Si;..-ulh <---<i, <
lypozsipsy < -+ <lpp_p}. Therefore the C, Cp_y 2p-sCop-3, p-; Ielations in the
set /7, form a basis for L (AP(V)) = 3, 1 B FHL.

Lemma 2.7. A basis for & (AP(V)) is

I, = {‘Skx---lcnix'"iw—‘-’"}“'"k"}kl S <k
i < e g <hpoanrdponsg <o <lypoops
fivs > pmnas} O {lponars * + > lrpoan} = 0 and
{kpy <o kY NV {iy v ooy hypn} = B}

Proof. An argument identical to that of Lemma 2.6 shows that

Fn(42(V)) = KZ}I@ LEr,

where for fixed K = {k,, - - -, k,} each element of 57 (I = {i}, - - -, ip-2n})
corresponds to an element of £ (A?~*(W7)), W! = Z{e;|i e I}, and the lemma
follows. gq.e.d.

Since & is the direct sum of the &, (A =0, --.,p — 2) and U /[, is the
set of p-relations in Theorem 2.1, the theorem has been proved. The dimen-
sion of & is Y22 Co.nCron 2p-2Cop-sn-1,p-n—2- Lranslated back to Pliicker

n=0

corrdinates, Theorem 2.1 is Theorem A of the introduction.
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3. The main theorem

In this section we shall show that for any R e &, the set of points of
where ¢p assumes its maximum or minimum is the intersection with ¢ of a
linear subspace of A?(V). We shall consider the zero set Z(R) = {# € ¥ |gx(P)
= 0} of an operator R with nonnegative sectional curvature, for the general
case is an easy corollary of this one.

As in [5], we first show that if £ is a cr1t1ca1 point of ¢ and ¢x(¥) = 0,
then there exists S ¢ &, in fact a unique S orthogonal to the p-relations which
annihilate &, such that R(#) = S(£). Our main contribution is Theorem 3.6
which uses the basis for % to show that if ¢z > 0 and ¢x(&#) = ¢x(Q) = 0,
then there exists S € & such that {#, O} C Ker (R — S). The finite dimension-
ality of A* guarantees the existence of an S € & so that all of the zeros of ¢p
are contained in Ker (R — S). It is immediate that the zeros of R contain
Z NKer (R — 9).

Remark. Wherever possible, we refer the reader to [5] for proofs, in
particular for the next five. The proofs of Lemma 3.1 and Proposition 3.2
found in [5] for p = 2 must be generalized to fit our needs. With the help of
the results of §§ 1 and 2, the obvious generalization works.

Lemma 3.1. Let Z ¢ 4. Then {Z}U{S(P)|S e &} spans the normal space
N,t09% C A°Pat 2.

We remark that if an orthonormal basis {e,, - - -, e,} is chosen for V so that
P =e N --- N e, then N, is spanned by & and the planes @ of the form
€; /\ --- /e, such that Z 4 Q is not decomposable.

Proposition 3.2, Let R ¢ Z, and suppose P ¢ & is a critical zero of op.
Then there exists S € & such that # e Ker (R =~ S).

In fact, if a basis for ¥ is chosen as above, there exist unique 4;; ¢ R so
that S = > ;7 475517, where the sum runs only over those Sy, m the basis for
Landl=(1,---,p,i).

As in [S] we let Y(Z) denote those p-relations which annihilate Z C ¢, and
the superscript | denote orthogonal complementation in %.

Lemma 3.3. LetReZand Z C ¥. If there exists Se & such that Z C
Ker (R —8), then there exists a unique S, € W(Z)+ such that Z C Ker (R — S,).
For any Se &, Z C Ker (R — 8) & S, is the orthogonal projection of S onto
A(Z)~.

Corollary 3.4. If 2 is acritical zero of op, there exists a unique S, ¢ A(P)+
such that # ¢ Ker (R — S,).

Corollary 3.5. If there exists S ¢ & such that Z(R) C ¢ NKer (R — 5),
there exists a unique S, € U(Z(R))~- such that Z(R) = ¢ N Ker (R — S).

The proof of the main theorem now depends on the existence of an S € &
which “works” simultaneously for any two planes in Z(R).

Theoerm 3.6. Suppose R e Z is such that ¢, > 0. If #,0 ¢ Z(R), then
there exists S € & such that {#,Q} C Ker (R — S).
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Proof. We assume that & and Q are linearly independent in A7(V) (othe:-
wise # = + @ and we apply Proposition 3.2). Let S, (respectively S,) denote
any curvature operator in & such that S,(#) = R(P)[S¢(Q) = R(Q)], the
existence of which is guaranteed by Proposition 3.2. We must find Se &
whose orthogonal projections onto %(£)+ and A(Q)* are those of S, and S,
respectively. Such an S exists if and only if S, and S, have the same orthogonal
projections onto [(£) + A+ = U@+ N A(Q)~. We shall show that they
do through a series of lemmas.

Lemma A, & + Q is decomposable =& dim (N Q) =p — 1.

Proof of Lemma A. If dim (# N Q) = p— 1, there is a basis {e;, - - -, €,}
for V (not necessarily orthogonal) such that Z =¢ AN --- N e, and Q =
eeN---Neg Ney,,. Then P+ Q =¢e N --- A e,_, N(e, + €,,,), which
is decomposable.

Assuming that # %= +Q, if dm (PN Q) *=p—1, let k =dim(Z N Q)
< p — 2. There is a basis {e,,---,¢e,} for V such that Z = ¢, A --- A e,
and Q=¢ A --- N e N €p41 FANEREIVAN Cop—k- But SI*--o(2p—k)1-uk(g + Q) =
(—1)¥2=® = 0 and so # + Q is not decomposable.

Case 1: £ + Q not decomposable. To prove the theorem in this case, we
shall show that [U(#) + A(Q)]+ is one-dimensional and find a basis for it.

Lemma B. If # 4+ Q is not decomposable, then the codimension in &
of WP) + U(Q) is at most 1.

Proof of Lemma B. We shall want to find the set (&) explicitly and
without reference to the inner product on A?. For this lemma only we regard
& as a subset of Hom (A2, 4?*) and observe that § ¢ (P) & S(P) = 0 ¢ A*".

Consider the basis p-relations S;; (Theorem 2.1). Most of the basis p-rela-
tions are in either (P or A(Q), and for all the others, taken pairwise their
linear span intersects (&) N A(Q) nontrivially.

An elimination argument involving (4) shows that the only basis p-relations
which are in neither (&) nor A(Q) are S,...,i...epe1yereive@p-zy Where ie
{p+1,---,2p—k}.Forl1 <h<p—k,1etS" =S8, ikpinyemiv.ap-ty Where
i=p+ h. We have SHP) = (—1)¥**"'0* where Q* ¢ 47" is dual to Q.
Similarly, $*(Q) = (~1)***-'2*, Now [S' + (—1)*$*]Z = [S' + (—1)*S*]1Q
= 0. Therefore for each z > 2,5 + (—1)28* lies in (L) N A(Q). The set
{S1 U {S* + (~1)"S*} has the same span as {S*|~ > 1}, and each element
except (possibly) S* of the new set is in 2(P) N A(Q) < A(P) + A(Q). Since
the basis p-relations not of the form S* are in (&) + A(Q) {in fact, they are
in A(P) U W(Q)], W(&P) + U(Q) has codimension <1 in &. q.e.d.

We shall now see that this codimension is exactly one.

Let TV ¢ # be the curvature operator which interchanges & and Q and is
zero on Z{#, Q}*. Let T be the projection of T’ onto .

Lemma C. T spans [2(&) + A(Q)]+. _

Proof of Lemma C. We shall make repeated use of the following fact: for
all S e &,
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(T,5 = (T, Sy = 2S(#), B> /(1 — (P, 0> .

To see this, compute tr (S T”) using an orthonormal basis for 4? containing
Z and (Q — <Q, Z>P) /(1 — LQ, PO

It is now clear that T is orthogonal to (<) and A(Q). If T’ does not satisfy
the Bianchi identities, then T = 0 and T spans [(#) + A(Q)]+. But 2+ Q is
not decomposable, and so there exists S, € & such that § = (S(Z + Q), Z+ Q>
# 0. Since both £ and Q are decomposable, 8 = 2{S,(#), Q>. Then {T",S,»

= /(1 — {P,0)") #+ 0 and T’ ¢ #. Therefore & is spanned by (L), A(Q),
and T. q.e.d.

It follows that S, and S, may be written

Se =82+ 8¢+ <Se IHT/ITIF,  Sq =87+ S§ + <Se» T)T/ITIF
where §7, 87 € A(#) and S¢, S € A(Q). But since S,, Sg € &,

STy = XE@LO _ XR@LO _ KRQLP _ (5, 1y

Denoting <{S,, T)/|T|F = {S¢, T>/||IT|* by a«, we have S = 8% + §7 + «T
satisfies {#, Q} C Ker (R — §) as desired. Theorem 3.6 is proved for the case
# + Q not decomposable. ’

Case 2: & + Q decomposable. In this case, &, = [1 + 2(cos #)(sin 7)

{2, > *[(cos HZ + (sin #)Q] is decomposable for all values of ¢ by Lemma
A. In fact, &, is in Z(R), for

_ 2(cos 1) sin ¢
oa(®) = 5 + 2(cos 1)(sin X2, 0> R, 0> -

Since ¢, > 0 and the coefficient of (R(£), Q) above changes sign, <R(#), @)
= 0 and ¢x(#,) = O for all ¢. Thus we see that # and Q determine a circle
in ¢ of zeros (and therefore critical zeros) of ¢5. For any S ¢ &, & and Q are
in Ker (R —9) if and only if 2, is in Ker (R — S) for all ¢z, so we may assume
Z 1 0.

We choose an orthonormal basis for V so that Z =e, A --- N e, and
Q=e A --- N ey N ep,;. By Proposition 3.2, there exist g;; and v, in
R so that S, = 3 ¢:,S;; and Sy = 3 vsSgs satisfy # e Ker (R — S,) and
O eKer (R — Sy). The sum in the expression for S, ranges over all 1, J such
that S;, is in the basis for & and I = {1, .- -, p, i}, and for S, ranges over all
K,J such that Sg; is in the basis and K ={1,--:,p — 1,p + 1, k}. Note
that for such I and X,

S§::(P) = (—=1)"*e; Nejy, N\ --- Nej

Jp~-1 ?

9)
( S2s@) = (17", Ay A~ Mgy, -
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We ask again which of the basis p-relations lie in A(£) + A(Q).

LemmaD. IfZ=e AN---Ne,andQ=e N---Ney. N e,.,, then
A(P) + A(Q) contains all of the basis p-relations except possibly S$*! =
S1...(p+1)1...2 e (p-1)i fori>p+land 2<p— 1.

Proof of Lemma D. We shall show that most of the basis p-relations are
in either A(P) + A(Q) and that, except for those listed above, the rest are
expressible as A + B where 4 € A(£) and B ¢ U(Q).

An argument similar to that used for in Lemma B shows that the only basis
p-relations which annihilate neither & nor Q are S,...,.,; where J={j;,- - -, j,_,}
Z{l,---,p+ 1}, ie., j,, > p+ 1.

I, iy ={l,--+,4 -++,p — 1} for some 2 < p — 1, then write

Sl...p+1J = (S1...p+1J + Sl...pjp_,j,...jp_._.p+1) - Sl...pjp_,jl...jp_2p+1 .

But the summand in parentheses is in (&), and the other summand is in
A(Q). Therefore S,...,..s is in W) + A(Q) in this case. The only basis
p-relations which may not be in 2(2) 4+ A(Q) are S,...,,,, such that

{jl""’jp—2}={17""):7"'7p—'1} and jp—1>p+1‘ q’e'd'
We can now write the expressions for S, and S, as

S, =52 + 53 +zsz—1a1'isl'i , SQ = Sé + Sg +ISZ" lﬁx.z‘si'i ,
i>g+1 ) i>g+1

where 52, 55 € (&) and S%, S§ € A(Q). If we establish that o, ; = 8, ,, then
S = Sg + SS + Z al.isl'i

satisfies {#, O} < Ker (R — S).

To show that o, ; = B, s let E¥* =e, A -+ - A& N+ Ny Nep, Ne
By (9), a;; = (—D*S,(P),E**). Now since E** + Q is decomposable,
0=<SE* + Q), E** + Q) = 2(5(Q), E**> for all Se&. In particular,
{Se(Q), E* %> = 0. Therefore we have

s = (—DPELP), By = (= 1DP(S[P) + 5o(Q), By
= VZ(—=D*RUZ + Q)[V 2], E%) .

Since (2 + Q)/+/2 is a critical zero of g, there exists $¢& so that
RI(Z + Q/vV2]1=8(Z + O) /v 2]

Writing § in terms of the basis p-relations, § = 3 7,,5;,. We now have
0, = (""l)p<§(‘g} + 0),E*%
= (=17 T 10,80, E* %) + (S1(Q), E* D]
= (=12 X 715{8,(#), E* )
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since {S;,(Q), E**> = 0. But applying (4), S;,(£) is either zero or orthogonal
to E** except for §* i Recall that {(§*%(£), E**) = (—1)?. Therefore o, ; =
rl---(p+1)1---§---(p—l)i'

Similarly, letting F**=¢ A --- AE AN --- Ne,., Ne, Ne, P + Foiis
decomposable and

Bui = (—=1)P7KSe(@), F* ¥y = (= 1)*"K&(Z + Q), F*%
= (=D T 70,81,(Q), F* %
= (_ 1)p_17’1...(p+1)1...§...(p_1)i<sz' i(Q), F* i>

= 1l (pm1)s = O -

This establishes Theorem 3.6 for # + Q decomposable. q.e.d.

We continue to piece together the $°s which work for individual zeros of ¢
into one which works for them simultaneously.

Lemma 3.7. If Z is any subset of %, there exists a finite subset
{2 -+, P} C Z such that W(Z) = WPy, - -+, Py}

Proof. Let #,,..-,%, be planes in Z which span #{#?|Z e Z}.

Theorem 3.8. Let R ¢ # have nonnegative sectional curvature. Then there
exists S ¢ & with

{Peb 0P =0=9NKer(R-9).

Proof. We construct the unique S € A(Z(R))* which has the desired pro-
perty. Let &, ---, 2, be as in Lemma 4.7 where Z = {# € ¢ |6x(#) = 0}
Then

AUDL = 3 AP .

Let S; e A(P,)* be such that &, e Ker (R — §;). By Theorem 3.6, for each
i, j there exists a unique S;; e W(P)+ + A(L,)L such that {#,,2,} C
Ker (R — §;;). By Lemma 3.3, §, is the orthogonal projection in A(Z)+ of S,;
onto A(#,)+. Lemma 5.3 of [5] now guarantees a unique S in U(Z)L whose
projection onto A(L;)+ is S;. Using Lemma 3.3 again, &; € Ker (R — §) for
all i<k, and so ZC Ker(R — S). Finally, if e ¥ NKer(R — 9),
g‘R(QZ) = Us(g) = 0.

Corollary 3.9. If R ¢ &, and 1 is the minimum (respectively, maximum)
value of oz on ¥, then there exists S € & such that the set of p-planes on
which o assumes the value 2 is ¢ N Ker (R — Al — §).

Proof. Immediate from Theorem 3.8 since oz_;; > 0 (respectively,
g_z> 0. q.ed.

In the proof of Theorzm 3.8, the fact that zero is the minimum of ¢, is
used only to show that if & 4- Q is decomposable, the zero &, is a critical
point of o5 (last part of Theorem 3.6). The theorem canmnot be weakened
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however to the case of zero an arbitrary critical value of ¢, as the following
example shows.

Let A be the linear transformation on ¥ which interchanges e; and e, , if
i< p, and is zero on e; if j > 2p. Then A is self-adjoint and so induces a
self-adjoint transformation R on AP(V). Each of the basis planes E; =
e;, N\ -+ N\ e, of A7 is a critical zero of op: :

grad gz(E;) = 2R(E;) = 2(de;, N\ --- N\ Ae;)) =0 or £2xE,,

which is normal to ¢ at E; by Lemma 3.1. Here * is the star operator on
AP(Fley, - - -, e,5}). If the theorem were true for zero an arbitrary critical value
of g5, Z(R) would have to be all of ¢. But

Q=(exep ) AN(Gxep) AN Nle, £ 6,)/(V2)?

isin ¢ and R(Q) = (£)?Q, 50 dz(Q) = (x1)? = 0. ¢z takes on values of
either sign. It is shown in [3] that curvature operators such as this one,
induced by transformations of ¥, satisfy the Bianchi identities.

On the other hand we may conclude: if 2 is a critical value of ¢z, and
{P € ¥ |0x(#) = 4} contains no pairs of planes which intersect in a (p — 1)-
dimensional subspace, then there exists S ¢ & for which

(Pe@lon@) =2} =FNKer (R — U —5) .
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